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Abstract

In this paperwe develop a filter designframevork emphasizing
featurepreseration. We are particularly interestedn multiscale
filtersthatcanbe usedin wavelettransformdor large datasetgen-
eratedby computationafluid dynamicssimulations.High-fidelity
wavelettransformscanfacilitatethevisualizationof large scientific
datasets. However, it is importantthat salientcharacteristicof
theoriginalfeaturedepreseredunderthetransformationOur ef-
fort is differentfrom classicafilter designapproachewhich focus
solely on performancen the frequeng domain. In particular we
presentsetof filter designaxiomsthatensurecertainfeaturechar
acteristicsarepresered andthatthe resultingfilter correspondso
a wavelet transformadmitting in-placeimplementation. We also
demonstraténow the axiomscanbe usedto designlinear feature-
centricfilters that are optimal in the sensethatthey are closestin
L? totheideallow pasdilter. Resultsareincludedthatdemonstrate
thefeature-preseantioncharacteristicef eachfilter.

Keywords: Wavelets,Filter Design,TVD, FeatureDetection

1 Introduction

Large-scalecomputationalfluid dynamicssimulationsof physi-
cal phenomengroducedataof unprecedentedize (terabyteand
petabyterange). Unfortunately developmentof appropriatedata
managemenéand visualizationtechniqueshasnot kept pacewith
the growth in sizeandcomplity of suchdatasetsOneparadigm
of large-scalevisualizationis to bronseregionscontainingsignifi-
cantfeaturesof the datasetvhile accessingnly thedataneededo
reconstructheseregions. The cornerstonef an approactof this
type is a representationachemethat facilitatesranked accesso
macroscopideaturesn thedatasefl11, 12,15]. In thisapproacha
feature-detectionlgorithmis usedo identify andrankcontetually
significantfeaturedirectly in thewaveletdomain.

In [11, 12, 15], thelinearlifting schem¢g18] wasusedfor com-
pressingcomponentf a vector field. The work reportedhere
grew out of our efforts to analyzethe implementatiorof the lift-
ing schemeanddesignnew transformghatmoreardentlypresere
featuresin discreteflow fields. The rate-distortioncharacteristics
of mary wavelettransformsdo not bodewell for featurepresera-
tion [15]. However, it wasunclearasto whatdistortionsthewavelet
transformwrought on the data. It is thereforeusefulto evaluate
the effect of the wavelettransformin termsof processeshatalter
the “shape”of the data,i.e., features.Additionally, for very large
dataset# is necessarthatthefeaturedetectiorbeperformedn the
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compressedomain. In this contet, it is essentiathatthe wavelet
transformpresere significantfeaturedn thedataset.

It is well knovn that wavelets can efficiently approximate
smoothdata[5] and produceefficient compressiorschemes.To
suitably presere edgesin scalarimagefields, several linear and
non-linearor data-dependergchemeshave beenproposed13, 6,
7, 4]. In particular Zhou[24] utilizes EssentiallyNon-Oscillatory
(ENO) reconstruction§9] of the datasothatfewer high frequeng
coeficientsarecreated.

Techniqguesemplo/ed in the study of partial differential equa-
tions(PDEs)have beenextensvely utilized to definethemultiscale
behaior of featuredetectionalgorithms[1, 10, 16, 22] for images.
Typically, thetime variablein anevolutionaryPDE s takento rep-
resenta scaleparameter In vision andimageprocessingpplica-
tions,edgescanbethoughtof asdiscontinuities. Thesetechniques
areusedto enhancenterreggion boundariesandsmoothintraregion
variations. It shouldbe notedthatlinear PDEsarenot completely
successfuln enhancingooundariesvhile eliminating noise. Dis-
cretemodelsof thediffusionequatiorwith anonlinearconductance
basedn gradientinformationhave provento be particularlyuseful
for theseapplicationg16, 22).

In this paperwe definea framework for the analysisanddesign
of of multiscalefeature-centridilters througha variationalchar
acterizatioranda multiscalePDE formulation. Giventhe needfor
efficientcompressiomandprocessingwe consideonly lineartrans-
forms at this time. Whatis uniqueaboutour approachis thatwe
designthe behaior of thefilter in the spatialdomainby appealing
to the analysisof an evolutionary partial differentialequation.We
suggesthatthe methodgproposecherecanbe usedin conjunction
with frequeng-basedmethodsto designmultiscalelinear wavelet
filters. A resultof ourthree-foldcharacterizatiois a setof axioms
thatcanbeusedto analyzeanddesigrfilters. Filtersthatsatisfyour
axiomswill be morelikely to presere featuresn alinearwavelet
spaceand enablehigh-fidelity featuredetectionin large scientific
datasets.Additionally, we seekto designfilters correspondingo
waveletsthatcanbeimplementedisasequencef lifting stepq18].

Our axiomaticfilter designresembleshe work of Weickert et
al. [22] aswell asthatof Alvarezetal. [2]. Althoughtheseefforts
yield similar setsof axioms,their frameworks are differentsince
the domainof interestis limited to imagespopulatedwith strong
discontinuitiessuchas edges.In our application,however, not all
regions of stronggradientscorrespondo discontinuities. In fact,
featureswith stronggradientsuchasexpansionsandboundaryay-
ersshouldnot betreatedasdiscontinuities.

Our paperis structuredasfollows. We first motivate our effort
by consideringa simple problemfrom fluid dynamicsthat illus-
tratesthe effects of applying a standardwavelet transformto the
data.Thenwe considethegeneralinearfilter anddescribdts evo-
lutionary PDE.We alsoincludean analysisthatdefinesconstraints
to be placedonthefilter coeficientsto ensureghatnewv extremaare
not created Next, we formalizeour ideasregardingfeaturepreser
vation. We thenpresenta setof filter designaxioms. Usingthese



axioms,we designlinear feature-centridilters that are optimal in

thesensahatthey areclosesin L? to theideallow passfilter. Re-
sultsareincludedthatdemonstrat¢he feature-presemntioncharac-
teristicsof eachfilter. We stressthat our currentefforts shouldbe
consideredisa“work in progress.

2 Motivation

We now provide a simpleone-dimensionaéxamplefrom fluid dy-
namicsto provide motivationfor this effort. Shavn in Figurelis a
schematiof theshocktubeproblem.A shocktubecanbeidealized
asacylinder, closedat both ends,with a diaphragnthat separates
a region of gason the left with pressureand densitygiven by p4
andp4 respectrely, from aregion of gason theright with pressure
anddensitygivenby p; andp;. Notethatps > p1 andp: andps
mustbe specified.Initially, thegasis arestin bothregions. Thedi-
aphragmis thenrupturedinstantaneouslandan unsteadymotion
ensues.In atypical situation,four uniform regionsand onetran-
sitional region emege. A normal shockwave propagatingo the
right definesthe boundarybetweeruniform Regions1 and2. The
flow field propertiesexhibit a nonisentropicdiscontinuoushange
acrossthe moving normalshock. The boundarybetweenRegions
2 and3 is a contactdiscontinuity Densityandtemperaturehange
discontinuoushacrosshe contactdiscontinuitywhile pressureand
velocity areunchangedRegion 3 is alsoa uniform region. Region
3 andthe uniform Region 4 are separatedy an expansionfanin
which the flow field propertiesvary isentropically Analytical ex-
pressionsanbe usedto definethe propertiesn eachregion under
theassumptiorof one-dimensionahviscid flow. A morecomplete
descriptiorof this problemcanbefoundin mostcompressibléuid
dynamicgtextbooks(e.g.,se€[3]).
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Figurel: One-DimensionabhockTube

Assumingwe have a solution to the shocktube problem de-
scribedabore, we now wantto visualizethe data.In this casejt is
notparticularlychallengingo locatethefeaturesn theflow field at
agiventime. However, for the sale of illustration,we assumehat
thedatasetis largeandthatwe wantto usearepresentatioacheme
thatfacilitatesranked accesgo featuresn the datasetasdiscussed
in theintroduction.As notedabove, a significantcomponenbf the
processs afeaturedetectiorperformedusingthecompressedata.
We chooseasour wavelettransformthe linearlifting schem¢18].

Figure 2 shawvs a sequencef figuresillustrating the effectsof ap-
plying thelinearlifting schemeo the densityfield of a shocktube
solutionatagiventime. Thefigureonthetopleft shavstheoriginal
datadefinedusing65 points. Eachremainingfigure correspondso
an applicationof the wavelet transformresultingin 33 points, 17
points, and then 9 points. Of particularimportancein thesefig-
uresis thefactthatapplicationof the wavelettransformintroduces
oscillatorybehaior in the data. Clearly, theseoscillationsare un-
acceptabléf afeaturedetectionalgorithmbasedon gradientss to
be used. Further partial reconstructiorof the datamay be in sig-
nificanterror dueto theseoscillationsandthe compressiorof the
otherwiserelatively smoothdatamaynot be asefficient.
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Figure2: ThreeLevelsof LinearLifting for ShockTubeData

3 General Linear Filter

We now considera generallinear filter and usean equivalentde-
rived evolutionary PDE to characterizets behaior. We begin by
defininga discrete scalarquantity s;,; on anequally-spacednesh
zj1 = lAz; forl = 0,..., 2N with N beinga positive integer We
seeka multiscaleapproximatiorto s; ; onasecondequally-spaced
mesh,xj,l,l = lA.’I}j_1 forl = 0, ..., N with A:Kj_l = 2A$j,
thatpreserescertaincharacteristicef theoriginal scalarfield. We
denotethis approximatiorass; — ;.
We now considerageneralinearfilter of theform

+n
Sj—1,0 = Z Ak Sj,21+k (1)
k=—m
wherem andn arepositive integersandthe a;, areconstantghat
areindependentf thedata.Thea; arecompositecoeficientsthat

representhecombinedeffectsof awavelettransformimplemented
asafilter. Thediscretemomentf thefilter aregivenby

+n
ag = Z Kla . @

k=—m

After thefilter is applied,thedatais subsampledb definethespace
Tj—1,1-



3.1 Evolutionary PDE

We now assumehatevolution of the datain the scalespacecanbe
thoughtof asa continuousprocessanddefiner to be the continu-
ousscalespacevariable. Throughapplicationof Taylor seriesex-
pansionsn spacez) andthescalespace(r), it canbeshavn [20]
that, provided Zk ar = 1, the applicationof the linearfilter de-
finedin (1) canbethoughtof asthe evolution of the solutionto the
partialdifferentialequation
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with theinitial datagivenastheoriginaldiscretedatas; ;. Notethat
the evolution of the scalars in (3) dependsxplicitly on the sam-
pling rateAz;. Also, we arenotinterestedn thelimiting behaior
asAz — 0 andAr — 0 sincethefilter (1) is implementedonly
ondiscretedata,i.e., for finite valuesof Az.

In this context, the behaior of the datain the spatialdomain
uponapplicationof the generafilter (1) is equivalentto the behar-
ior of the solution of the evolutionary PDE (3). This approachs
basedo the modifiedequatiomanalysig21] usedin computational
fluid dynamics. An analysisof spatialfilters using Taylor series
expansionsvasdescribedn [14] wherethefilter performancevas
describedn termsof spatialcriteriaby examiningthenon-zeradis-
cretemomentsj.e.,theay in (2).

3.2 Frequency Response

Thefrequeng respons@r amplificationfactorof thefilter is given
by
+n

GB) =Y are™® @)

k=—m

wherethe amplificationfactor representshe responsdor the fre-

gueny 3. The magnitudeof G(3) measureshe amplitudeof a

unit Fourier coeficient uponapplicationof thefilter andthe phase
of G(B) measureshe phaseshift that occursafter applicationof

thefilter.

3.3 TVD Constraints

The a; valuescan be restrictedby appealingto anotherconcept
from computationafluid dynamics.In CFD simulations greatef-

fort is expendedo ensurethatthe numericalschemenot introduce
artificial extremain thesolution.In modernCFD simulationsnon-

linear techniquestypically called “limiting” are usedwith some
succes$o achieve higherordertemporalandspatialaccurag with-

out spuriousoscillations. Harten[8] and Yee[23] have madesig-

nificantcontritutionsto thisfield with theirwork on Total Variation
Diminishing(TVD) algorithms.In aTVD algorithm,thetotal vari-

ationof the solutiondoesnotincreasewith time, or

TV (s"*) < TV (s") (5)

wheres” is thesolutionatthe currenttime level, s”*! is the solu-
tion at the next time level, andthe total variationof the solutionis

givenby
+oo

TV (s) = Z [$141 — s1] (6)

— 00

wheres;+1 ands; arespatiallyconsecutie valuesof the solution.
By limiting thetotalvariationof thesolutionto belessthanor equal
to thevaluein theinitial data,spuriousoscillationsdo not develop
in the data. In vision literature, this conditionis often achieved
throughtheimpositionof causalitycondition[16].

We now wantto imposethe conditionthatthe total variation of
the datanot increaseas we proceedfrom finer to coarserscales.
Further let usnoticethatwe areactuallyjust interestedn the sub-
sampleddatas; to be TVD. We will now describea necessarand
sufficient conditionfor this to hold for ary valuesof s; .

Let usfirst look at the specialcasewherethe 2V valuesof s;
on level j areof the form 0,0, ...,0,1,1,..., 1. Without loss of
generalitywe cansupposehata;, = 0 for all k < 0 andfor all & >
n+ 1. Forlargeenoughvaluesof IV theintermediateraluess; will
havetheform0,0,...0, an, an+an-1,0n+an-14+an—2, .., Gn+
.otai,an+...4ai,...,an+...+a1. (Herewesupposethatweuse
an appropriatemethodof handlingthe boundarywhencomputing
the convolution product,by which theinput signals; is paddedat
eachboundarywith valuesrepresentingheaveragevaluesnearthat
boundary) Thereforehesubsampledatas;_1 will have eitherthe
form0,0,...,0,an,an+an-1+an—2,an+0n—1+an—2+an_3+
An—4y -y @n + ...+ Q1,8+ ... +a1,...;an + ... + a1, Or theform
0,0,..,0,an +@n-1,0n +an-1+an-2+0an-3,....,8, + ... +
a1, an + ... +ai,...,an + ... +a1. Fromthisit follows thateither

TV (sj-1) = Z lazk + azk+1] (7
or

TV (sj-1) = Z |a2x—1 + a2 (8)
accordingto the parity of the index ! suchthats;; = 0 and

sju+1 = 1. LetusnoticethatTV(s;) = 1. Thisimpliesthata
necessaryonditionfor TV (s;—1) < TV(s;) is thatthe coefi-
cientsin Equationl satisfythefollowing two inequalities

Z lazk + asp+1] <1 9)

Z |a2k—1 + az2x| <1

We will now prove thatthe two inequalitieg9) arealsoa sufficient
conditionfor TV (s;_1) < TV (s;). Withoutlossof generalitywe
cansupposes;x = 0 for all ¥ < 0. For somefixed level j and
valuess; let usdefiney by

Yk = Sjk+1 — Sjk (10)
Also, let us considera matrix A with componentsA4,,; =
@i—2m—1+0ai—2m—2. Recallthat| A|: = maz; ) |Am,|, where
| |1 istheusualL! operatomormlf (9) holds,thenwe have

D lAmil <1 (12)

for ary %, whichimpliesthat|A|, < 1. In particular it follows that
|[Aylr < |Al1lyls < |yl1, s0

ST Ananil < lyml (12)

We arenow goingto shawv thatthedesirednequalityT'V(s;—1) <
TV (s;) isimplied by (12). We have

TV(sj-1) = Y |8j0m+2 = 5j2ml (13)



E |E aisj,2m+2+i_g @iSj,2m+i|
m [ i

Z | Z a;(8j,2m+2+i — Sj,2m+i)|
m i

Z | Z a;i(Y2m+i+2 + Yamtit1)|
m i

Ontheotherhandaccordingto (12) we have

TV(s;) = Y |sim+1—Sjml (14)

m

= > lyml
m

> Y1 Amivil
m i

= Z | Z (@i—2m—1 + @i—2m—2) Y|
m i

Let usalsonoticethat
Z a;i(Yoam+tit2 + Yomtit1) = Z (@i—2m—1+ Gi—2m—2)Yyi

(15)
Finally by putting(13), (14),and(15)togethemwe getTV (s;—1) <
TV (s;). Thereforewe have provedthat(9) is anecessargndsuf-
ficient conditionfor TV (s;—1) < T'V(s;). Let usalsonoticethat
in thespecialcasewhenzai = 1, i.e. the coeficientsa; area
partitionof unity, we canusetheinequalities

Z |a2r + a2pt1] Z ak (16)
Z lask—1 + a2x| > Z ak

to concludethatthe condition(9) is equivalentto having

a; +a;y1 >0 7

A%

\Y

for all 4. In otherwords,in the partition of unity case a necessary
andsuficientconditionfor TV (sj—1) < TV (s;) for ary s; isthat
for all negative a; the inequalities|a;| < a;—1 and|a;| < ait+1
hold.

3.4 The Lifting Scheme

Thelifting schemeés amethodof factoringwaveletfiltersinto basic
building blockscalledlifting stepswhichalsoallows for spatialdo-
mainwaveletdesign[19]. Eachlifting stepconsistf threeparts:
split, predict,and update. This meansthat we first split the input
sequencénto even andodd entries. Thenwe predictthe odd val-
uesbasedn the evenvaluesandreplacethemwith thedifferences
betweenactualvaluesandthe predictions. Thesevaluesthenbe-
comethedetailcoeficients. Theevenvaluesarethenupdatedising
thesedetail coeficientssoasto maintaincertainglobal properties.
Daubechiesand Sweldensalso shaved that every FIR wavelet or
filter bank can be decomposednto lifting steps[19]. Moreover,
lifting allows for anin-placeimplementatiorof the wavelettrans-
form andleadsto animprovementin efficiency whencomparedo
the standardmplementation.

4 Feature Preservation

It is now appropriateo definewhatwe meanby featurepresera-
tion. In this contet, featurepreseration implies that the “loca-
tion”, “shape”,and“strength” of featuresare unchangedfter the

applicationof thegenerafilter (1). Of coursedifferenceqaturally
occurdueto the changen resolutionbetweenz;; andz;_1,;. We
now statetheseideasin moreconcreteerms.

e The“location” of a featureis simply its positionwithin the
domain. As discussedn [20], odd orderderivative termsin
theevolutionaryPDE (3) correspondo a convectionor trans-
lation of featuresin the domain. If the filter is symmetric,
ar = a—yg for all k, the coeficientsmultiplying the corvec-
tive termsare identically zeroand no translationof the data
occurs.

e The “shape” of a featurecan be describedin terms of re-
gionsof monotonevariationin the data. For the “shape”to
be presered, the linear filter should not introducenewn ex-
trema. This conditionis expressedn [16] asthe “causality
condition! This conditioncanbe imposedby ensuringthat
thelineartransformis Total VariationDiminishing (TVD) af-
ter the datais subsampledi.e. 17, ay + ax+1 > 0 for all &
provided) ", ax = 1.

e The“strength” of a featurecanbe describedn termsof the
changesn the data. For the strengthto be presered, the
linearfilter shouldnot accentuater diminishlocal extrema.
This condition can be relatedto the frequeng responsg4)
of the filter. Our evolutionary PDE framework (3) charac-
terizeschangedn featurestrengthin termsof the even order
derivative termswhich representhe diffusive tendencieof
thefilter.

5 Axioms

Having definedfeaturepreseration, we nov enumeratea list of
filter designaxioms. We want to formulatea setof requirements
onthecoeficientsa thatcanguidethe designof a wavelettrans-
form associatedvith the coeficientsa;, in additionto preserving
featuresWe definetherestrictedtransferopemtor T' asfollows: if
thelengthof theconvolution productof thesequencef coeficients
ay with itselfis NV, thenT isthe (IV —2) x (IV —2) matrix obtained
from doubleshifts of this convolution product,times?2 (see [17]).
Let usimposethefollowing requirement®n the coeficientsay:

(R1) E:akzl

k

(R2) Z(—l)kkjak =0, forj =0,1,..,p— 1, andsome
k
p=>1

(R3) therestrictedransferoperatorI’ hasoneeigemvalue
A = 1, andall othereigervalueshave |A| < 1
R4) ap+ary1 >0forallk
(R5) ar =a—gforall k
R6) if a_y isthefirst nonzerocoeficient, thenthe
polynomialsa—n, + a—p+22 + a—p4a2® + ... and
@ ni1 +a_ni3z+a_nys522 + ... arerelatively
prime.
(R7) betweenrall filters with the desiredpropertiesthefilter
givenby the coeficientsa;, minimizesthe L? distance
to the sinc filter.

Axioms (R1), (R4), and(R5) arerelatedto the featurepresera-
tion propertiesof thefilter. Axiom (R2) dictatesthe performance
of thefrequeny responsat3 = =. Axioms (R3) and(R6) ensure



thatthe proposedilter is thelow passfilter of awavelettransform
which canbeimplementedasa seriesof lifting steps.Axiom (R7)
minimizesblurring andaliasing. It shouldbe notedthatthe coef-
ficientsfor the sinc filter do not satisfythe TVD constraint(17).
Thus, ary filter designstratey will seeka compromisebetween
theidealfrequeng behaior andthefeaturepreserationproperties
of TVD filters.

Theorem. RequiementgR1)-(R7)are necessarandsuficient
conditionsfor thefollowing propertiesto hold:

(a) (Corvemenceof thecascadealgorithm,see[17])
Theiteration 1) (t) = 3, 2ax¢™ (2t — k), whee
49 is a boxfunction,convergesin L?.

(b) (Accuracyof appoximationof order p)
Theerror estimatefor a functionf(t) of classC? at
scaleAt = 277 is of theform C(At)?| £ (t)).

(¢) (Total variationdiminishingfromfinerto coarserscales)
TV(Sj_1) S TV(SJ‘).

(d) (Zer phaseshiftfromfinerto coarserscale)
In the evolutionaryPDE (3), all coeficientsmultiplying
evenorder derivativesare zeo.

(e) (Lifting schemeimplementationsee[19])
Thele existscomplementarfigh-pasdilter, andthe
associatedvavelettransformadmitsin-place
implementatiorusingthelifting scheme

(f) (Average grey levelinvariance)
Theaverage of thedatais unchanged whenpassingirom
finerto coarserscales.

(g) (Preservatiorof low frequencies)
Themomenbf orderOis 1, andthemomenbf order 1
is 0.

(h) (Optimality)
Betweerall filters with the desiled properties thefilter
givenby the coeficientsa; minimizeghe L? distance
in thefrequencydomainto theideal brick wall filter.

Properties(a) — (h) arerelatedto (R1) — (R7) asfollows: (a)
is equivalentto (R3), (b) is equivalentto (R2), (c) is implied by
(R1) and(R4), (d) isimplied by (R5), (e) is equialentto (R6),
(f) is equivalentto (R1), (g) is implied by (R1) and(R5), and
(h) is equialentto (RT).

6 Filter Design

We now usetheframeawvork developedn theprevioussectiongo de-
signfeature-centridilters. For a symmetricfilter with coeficients
ay, thefrequeng responsé4) takestheform:

G(B)=ao+2)_ axcos(kp) (18)

E>1

Thenall derivatives of G of odd order vanishat zero and at .
Thereforeit is enoughfor G(8) to have, for example,the second
derivative at = equalto zero, and thenits first, secondand third
derivativesat 7 arezero.

Let usexaminethethe symmetricTVD filters with two zerosat
« that,for agivenlengthV, areclosestn L? to theideallow pass

filter. To computethem,we considerthe squareof the norm of the
differencebetweenour filter andthe ideal low passfilter, subject
to the TVD inequalities,andto the two linear identitiesgiven by
(R1) and(R2). Thenwe have to minimize a quadraticfunction of
ao, -.-, an, SUbjectto somelinearinequalitiesandidentities.We can
replacethe TVD inequalitieswith positivity requirementdy using
thefollowing linear substitution:

an = bn (19)
An—1 = bnfl - bn
an—2 = bp_oa—bp_1+0by

ap = bg—0by+by— (—1)nbn

This allows us to reducethe problemto minimizing a quadratic
function subjectto somelinear identitieson the positive domain.
Moreover, we canrestrictthe domainfurther to the cube[0, 1] x
[0,1] x ... x [0, 1], whenwe noticethatthe TVD conditionsimply
thatd, < 1 for ary k. This allows usto usearecursve procedure
to computethe exact valuesof the solutions. We list the resulting
ar'sjustfor k > 0, becausdor k£ < 0 they are determinedby
symmetry:

N | coef value

3 ag 1/2
[¢5] 1/4

5 ag 1/2
a1l 1/4
as 0

7 ag 1/2
[¢5] 1/4
as 0
as 0

9 ag (21w — 16)/36m
a1 (337w + 16) /144~
a2 (16 — 3m)/144xw
a3 —(16 — 37)/144x
a4 (16 — 3m) /144xw

11 ag (375w — 224) /6907
a1 (1657 + 608) /13807
as (112 — 157) /13807
as —(112 — 157) /13807
a4 (112 — 157) /13807
as (1657 — 496) /13807

We cannoticethat all theseoptimal filters are actually very close
to (1/4, 1/2, 1/4), evenif we allow a large numberof taps. Also,
we obsened thatwhenthe numberof tapsV is largerthan11 the
solutionremainghe sameasin thecaseN = 11.

Let uslook now at symmetricTVD filters with four zerosat =
thatarealsoclosesto theideallow pasdilter. Again, we minimize
thequadratidunctiongivenby the squareof thenormof thediffer-
encebetweenour filter andthe ideallow passfilter, subjectto the
TVD inequalitiesandto threelinearidentities,onegivenby (R1)
andtwo givenby (R2). We get:



N | coef value
5 ag 3/8
a1 1/4
a2 1/16
7 ao 3/8
a1 1/4
asz 1/16
as 0
9 ao 13/28
a 29/112
a2 1/112
az —1/112
aq 1/112
11 ag (—288 + 10757) /22307
a (—192 + 92657) /356807
az (57 + 36) /11157
az — (57 4+ 36)/11157
a4 (57 + 36)/1115mw
as (1344 — 1857) /356807

We cannoticethat,aswe increasehe numberof taps,the solution
approaches valuewhich s very closeto the valuein the previous
table.

If wetry toincreaséoththenumberof zerosat0 andthenumber
of zerosat = while imposingthe TVD inequalities we will notice
that thereare no nontrivial solutions. For example,if the second
derivative of G(8) hasthepropertyG” (0) = G” (x) = 0, thenwe
get:

a1 + 4as + 9a3z + 16a4 + 25a5 + ...

= a1 —4as + 9a3 — 16a4 + 25a5 — ... =0
Fromthiswe concludethat:

a1 + 9a3 + 2bas + ... = 4az + 16a4 + 36as + ... = 0,
andthen
(a1 + a2) +3(a2 + a3z) + 6(as + as) +10(as + a5) + ... = 0
which togethemwith the TVD inequalitiesmpliesthat
a1+a2=a2+az3=a3+t+as=as+as=.. =0

andthis togethemwith thefilter beingFIR impliesthata;, = 0 for
all £ > 1. Thesameholdsif wereplacehesecondierivative abore
with ary otherevenorderderivative of G(3).

We canalsolook at symmetricTVD filters which have the max-
imum numberp of zerosatw. For ary N we solve a systemof lin-
earinequalitiesgiven by the TVD conditions,andidentitiesgiven
by theequationg R2) for themaximump for whichasolutionstill
exists. We get:

[ N[ p [coef [ value |
3 2 ao 1/2
a1l 1/4
5 4| ao 318
al 1/4
as 1/16
7 6 ao 5/16
a1 15/64
as 3/32
as 1/64
9 | 8 | a0 | 35/128
a1 7/32
as 7/64
as 1/32
as 1/256
11 10 ag 63/256
ar | 105/512
as 15/128
as | 45/1024
a4 5/512
as 1/1024

Thefilters abore arethe TVD filters thatgive the smallestorder
error estimatefor smoothdata,while alsopreservingow frequen-
cies,andannihilatinghigh frequencies.

7 Results

Let us describea completefilter bank associatedo the symmet-
ric TVD filter h = (1/4,1/2,1/4). Accordingto [19] thereex-
ist mary complementanyhigh passfilters associatedo a given
low passfilter. Let uslook for a symmetricone. It is easyto
check that the best we can do with a two-steplifting is g =
(—-1/8,—1/4,3/4,—1/4,-1/8,0,0). It is notpossibleor g to be
symmetric,but the oneabove haslinear phaseandis the shortest
complementarfilter with theseproperties Thefilters h andg form
the analysishalf of the filter bank. To get a biorthogonalwavelet
transformthe associatedsynthesisfilters will have to be A~ =
(~1/8,1/4,3/8,1/4,-1/8),andg™ = (0,0, —1/4,1/2, —1/4).
This is the dual of the biorthogonalCohen-Daubechies-Feaau
(5,3) wavelet system(we thank Dr Jamed~owler for pointing out
thisrelationshipto us).

Figure3 shavs the samesequencef imagesshavn in Figure?2
usingthe TVD filter. Unlike Figure?2, theinitially monotonedata
remainsmonotone.Although the dissipatve natureof thefilter is
evidentfrom somesmearingblurring) of the featuresthe dissipa-
tion of the filter is not too severe. Higherorderfilters may well
provide someimprovementin this regard.

Let uslook at what happensvhenwe useTVD andnon-TVD
wavelet transformsto compresgwo dimensionaldata. The com-
pressedmagesn Figure5 andFigure6 areobtainedrom thesame
shockvave imagein Figure4. The imagein Figure5 wascom-
pressedusing the wavelet transformassociatedo the symmetric
TVD filter (1/4,1/2,1/4),while the imagesin Figure 6 werecom-
pressedisingthe cubicwavelet, which is not TVD (see[20]). We
noticethatall theimagescompressedsingthe cubicwavelethave
strongartifactsdueto the sharpvariationneardiscontinuities.

Let us alsolook at a threedimensionaldataset. In Figure 7
we have anexplosiondataset,andwe againapply TVD andcubic
wavelettransforms. The resultis thatin the imageobtainedfrom
thenon-TVDwavelettransformbrightnesss significantlyreduced,
sincethe surfaceof thetransformedodylosesits smoothness.

8 Conclusions

In this papemwe defineda framevork for theanalysisanddesignof
multiscalefilters througha variationalcharacterizatiomnda mul-
tiscale PDE formulation. Includedin this framevork are a setof
axiomsthatcanbe usedto designfilters thatpresere certainchar
acteristicsof the data—namelyhe position,shape andstrengthof
features.

We suggesthatthe methodsproposecherecanbe usedin con-
junctionwith frequeng-basedmethodso designmultiscalelinear
waveletfilters. We planto utilize thesetechniqueso develop ad-
vancedwaveletswith feature-preservingualities.
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(a) Original explosionimage

(b) 3D wavelettransformusingTVD wavelet

(c) 3D wavelettransformusingcubicwavelet

Figure7: TVD versusnon-TVDin 3D case



